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Abstract. Fuzzy automatic control system synthesis is suggested for objects de-
scribed with fuzzy differential equations with crisp coefficients. An illustrative
numerical example solving fuzzy differential equation is presented.
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1 Introduction

In engineering, dealing with uncertainties in control system design is a common prob-
lem in different branches of industry, this due to uncertainties that must to be added to
an object model a priori or a posteriori.

Fuzzy modeling is a common way to consider that uncertainties, and this fuzzy
models are based in Zadeh’s [1–3] pioneer work. There exist wide literature [4–19] on
fuzzy control, but these literature is based in Mamdani and Takagi-Sugeno type models,
and do not consider a fuzzy differential equation modeling approach.

In this paper is presented an approach of modeling control systems with fuzzy dif-
ferential equations.

2 Basic concepts and fuzzy differential equation

In this section, we give definitions which will used throughout the paper. See [20, 21].
LetA be a nonempty set. A fuzzy set u inA is characterized by its membership function
u : A→ [0, 1]. Then u(x) is interpreted as the degree of membership of a element x in
the fuzzy set u for each x ∈ A.

Let RnF be the space of the all compact and convex fuzzy sets on Rn.

Definition 1. For u, v ∈ RnF , (u⊕ v)(x) = sup
x1+x2=x

min {u(x1), v(x2)}
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The metric structure is given by the Hausdorff distance. [21]

Definition 2. For u ∈ RnF . The α-cut is the set [u]α = {s ∈ Rn : u(s) ≥ α}, 0 < α <
1.

Definition 3. Let u, v ∈ RnF . If there exists w ∈ RnF such that u = v ⊕ w, then w is
called the H-difference of u and v and it is denote by u	 v.

Definition 4. Let F : T → RnF and t0 ∈ T . The function F is said to be diferentiable
at t0 if:
(I) an element F ′(t0) ∈ RnF exist such that, for all h > 0 sufficiently near 0, there are
F (t0 + h)	 F (t0), F (t0)	 F (t0 − h) and the limits

lim
h→0+

F (t0 + h)	 F (t0)
h

= lim
h→0+

F (t0)	 F (t0 − h)
h

are equal to F ′(t0).
(or)
(II) there is an element F ′(t0) ∈ RnF exist such that, for all h < 0 sufficiently near 0,
there are F (t0 + h)	 F (t0), F (t0)	 F (t0 − h) and the limits

lim
h→0−

F (t0 + h)	 F (t0)
h

= lim
h→0−

F (t0)	 F (t0 − h)
h

are equal to F ′(t0).

Note that if F is differentiable in the first form (I), then it is not differentiable in the
second form (II) and viceverse.

Theorem 1. Let F : T → RnF and [F (t)]α = [FαL (t), F
α
R(t)], for each α ∈ [0, 1].Then

(i) if F is differentiable in the fist form (I) then FαL (t), F
α
R(t) are differentiable functions

and
[F ′(t)]α = [(FαL (t))

′, (FαR(t))
′], (1)

(ii) if F is differentiable in the fist form (II) then FαL (t), F
α
R(t) are differentiable func-

tions and
[F ′(t)]α = [(FαR(t))

′, (FαL (t))
′]. (2)

Consider the fuzzy differential equation with crisp coefficients:

X̃(n) + a1X̃
(n−1) + . . .+ anX̃(t) = kobτ(t) (3)

where ai i = 1 . . . n, and kob denote the constant coefficients that are crisp numbers.
X̃(t) denote an unknown fuzzy self-valued output variable. τ(t) is a fuzzy self-valued
control action, t is time. X̃(i) are the i-th derivatives.

The fuzzy function X̃(t) has the following properties:

(X(t))α = [Xα
L(t), X

α
R(t)] (4)
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X̃(t) = ∪α∈(0,1]αXα(t);∀α ∈ (0, 1] (5)

(Xα(t))i = [(Xα
L(t))

(i), (Xα
R(t))

(i)] (6)

(X̃(i)(t)) =
⋃

α∈(0,1]

α[(Xα
L(t))

(i), (Xα
R(t))

(i)] (7)

Let the control action τ(t) is formed subject to fuzzy functions X(i)(t).i = 1 . . . n

τ(t) = −
r∑
j=0

kpjX
(j)(t) (8)

where kpj j = 1 . . . r denote the parameters of controller tuning and are crisp numbers.
In most cases the stability degree is the main index of performance for fuzzy con-

trol systems [22] .Taking this into account, the problem of synthesis of control system
dynamic object (3) can be formulated as follows.

It requires to determine such control (8) type, that transfers the dynamic object,
described by fuzzy differential equation, from a given fuzzy initial state

X̃(t0) = X̃0, X̃
(i)(t0) = X̃

(i)
0 , (i = 1 . . . n− 1) (9)

to finite state
X̃(T ) = 0̃ (10)

providing maximal stability degree:

J = max
kpi∈Kpi

{−Reλα(a1, a2, . . . an, kp1, kp2, . . . kpm} (11)

where
Kpi = [Kmin

pi ,Kmax
pi ],Kmin

pi ≥ 0, i = 1 . . . r. (12)

3 Synthesis of fuzzy control system

The formulated problem of synthesis of fuzzy control system (controller) (3), (8-12) of
a high order can be solver on a base of the iterative approach [22]. That is, beginning
from some k0pi for every parameter kpi , adding some definite4kpi and fixing transient
processes in system (3), (8), that satisfy initial and finite conditions (9) and (10), the
certain fuzzy solution sets are determined. Then we can choose an optimal solution
from this set, i.e the optimal value kpi , that provides the maximal stability degree [22].

In practice many technological objects (including robotic manipulator as object of
automatic control) are described by differential equations as a rule of the second or the
third order. Taking into account the following, the formulated problem of parametric
synthesis of control (3), (8-12) can be solved analytically by a method like suggested in
[22].
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Let an order of fuzzy differential equation, describing a control system be n = 2,
the order of fuzzy controller (8) is r = 0, taking this into account the characteristic
equations of fuzzy control system will be described by the following fuzzy differential
equation:

X̃ ′′ + a1X̃
′ + (a2 + kobkp0)X̃(t) = 0̃ (13)

X̃(t0) = X̃0, X̃
′(t0) = X̃ ′0, (14)

here 0 is a fuzzy zero. Then based on [23, 24] we can write the following expressions
for fuzzy differential equation (17), and also for initial conditions (14):

(Xα
L)
′′(t) + a1(X

α
L)
′(t) + (a2 + kobkp0)XL(t) = 0αL (15)

(Xα
R)
′′(t) + a1(X

α
R)
′(t) + (a2 + kobkp0)XR(t) = 0αR (16)

Is should be noted that an interval 0α = [0αL, 0
α
R], which is and α-cut of the fuzzy

zero, is sufficiently small and, in particular case, can be singleton.
From the convergence condition of solution of differential equations, or providing

of control system stability and maximal performance criterion, stability degree of the
tuning parameter kp0 of fuzzy controller (8) can be determined in accordance with [22].

4 Damping analysis

In examples consider fuzzy differential equation

X̃ ′′ + a1X̃
′ + (a2 + kobkp0)X̃(t) = 0̃ (17)

with X ′ = [−0.001, 0.001], 0̃ = [−0.0001, 0.0001] and X0 = [2, 4].

4.1 Overdamped case

With a1 = 4.5, a2 = 0.95, kob = 20, kp0 = 1.7, then we obtain

(Xα
L)
′′(t) + 4.5(Xα

L)
′(t) + 4.35XL(t) = −0.001, XL = 2, X ′ = −0.0001 (18)

(Xα
R)
′′(t) + 4.5(Xα

R)
′(t) + 4.35XL(R) = 0.001, XR = 4, X ′ = 0.0001 (19)

and solving (18-19), results:

XL(t) = 3.66551e−1.4059028t − 1.66551e−3.0940972t − 0.0000229885 (20)

and

XR(t) = 7.33078e−1.4059028t − 3.33101e−3.0940972t + 0.0000229885, (21)

which response is depicted in Fig. 1.
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Fig. 1. Over damped case

4.2 Critically damped case

With a1 = 4.5, a2 = 1, kob = 20, kp0 = 1.5, then we obtain

(Xα
L)
′′(t) + 4(Xα

L)
′(t) + 4XL(t) = −0.001, XL = 2, X ′ = −0.0001 (22)

(Xα
R)
′′(t) + 4(Xα

R)
′(t) + 4XR(t) = 0.001, XR = 4, X ′ = 0.0001 (23)

and solving (22-23), results:

XL(t) = 2.00025e−2t + 4.0004te−2t − 0.00025 (24)

and
XR(t) = 3.999755e−2t + 7.9996te−2t + 0.00025, (25)

which response is depicted in Fig. 2.

4.3 Underdamped case

With a1 = 2.4, a2 = 0.95, kob = 20, kp0 = 1.7, then we obtain
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Fig. 2. Critically damped case.

(Xα
L)
′′(t) + 2.4(Xα

L)
′(t) + 4.35XL(t) = −0.001, XL = 2, X ′ = −0.0001 (26)

(Xα
R)
′′(t) + 2.4(Xα

R)
′(t) + 4.35XR(t) = 0.001, XR = 4, X ′ = 0.0001 (27)

and solving (26-27), results:

XL(t) = 2.00023e−1.2t cos(1.7058722t)+1.40701e−1.2t sin(1.7058722t)−0.000229885
(28)

and

XR(t) = 2.81371e−1.2t cos(1.7058722t)+3.99977e−1.2t sin(1.7058722t)+0.000229885,
(29)

which response is depicted in Fig. 3.

5 The case study

Consider fuzzy differential equation
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Fig. 3. Underdamped case.

X̃ ′′ + a1X̃
′ + a2X̃(t) = 0̃ (30)

with X ′ = [−0.001, 0.001], 0̃ = [−0.0001, 0.0001], using (15)-(16),

(Xα
L)
′′(t) + a1(X

α
L)
′(t) + a2XL(t) = 0αL (31)

(Xα
R)
′′(t) + a1(X

α
R)
′(t) + a2XR(t) = 0αR (32)

is obtained.
The motion is determined by the roots of the characteristic equation of (30).

If the roots are real and unequal, the motion is overdamped, if the roots are real and
equal, the motion is critically damped, finally, if the roots are conjugate complex num-
bers, the motion is underdamped.

In Fig. 4 , a small block of mass m is attached to one end of a spring, and the other
end of the unstretched spring is attached to a fixed wall. Assuming that the block is
acted on by a force of friction that opposes the motion.

If the block weigh is 32lb, the spring constant k = 36lb/ft, and the resistance
coefficient is b = 13, the resulting system equation is:

X̃ ′′ + 13X̃ ′ + 36X̃(t) = 0̃ (33)



10 Mauricio Odremán Vera and Nohé R. Cázarez-Castro

Fig. 4. mass-damper-spring

with X ′ = [−0.001, 0.001], 0̃ = [−0.0001, 0.0001] and X0 = [1.9, 2.1], and solving
(33), results on a overdamped motion because

XL(t) = 3.7802e−4t − 1.6802e−9t (34)

and
XR(t) = 3.4198e−4t − 1.5198e−9t (35)

and the system’s response is depicted in Fig. 5.

6 Conclusions

The approach reported in this paper helps in the modeling of uncertainties directly in
fuzzy differential equations, and the reported cases of study gives an approximation that
extends control engineering theory to the fuzzy case according with the need of dealing
with those uncertainties.

The resulting family of solutions to the fuzzy differential equations gives a footprint
of uncertainty, like the defined in [25], which helps to conclude that the results reported
in this paper are according with the type-2 fuzzy [25] logic theory of the computing with
words paradigm. Finally, the formulas for computing second order fuzzy differential
equation was obtained.
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